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Abstract: The importance of water for life, as a component of the global ecosystem, is becoming clearer and clearer. 
Water resources are affected by many activities that use the water as a resource and activities belonging to agriculture, 
industry and domestic activities. This paper brought some contributions to the domain of modelling and prediction of 
some quality indicators of the Danube corps of water. The objectives of the study are focused on developing a proper 
mathematical model of water bodies, building a complex of algorithms to uniform, process and analyse environmental 
data sets, allowing completion of missing data in historical databases, processing through own methods of numerical 
analysis of time series database, identification of some analytical functions that can shape the evolution of state 
parameters of water bodies and identify predictions of these evolutions. 
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Introduction 

Mathematical models in the study of environmental phenomena keep up with the latest results in the mathematical domain which could 
provide solutions for controlling, analysing, predicting and study of risk phenomena. Water quality models usually consist of a set of 
mathematical expressions relating one or more water quality parameters. In any set of environmental measurement, the subjects of 
accuracy and precision of the measurements are always beneath the surface (Antohe & Stanciu 2009). Most environmental discharge 
permits embody normally distributed statistics for environmental events. This is incorrect and rarely realized. Mathematical model of 
the evolution of the Danube surface water quality parameters and the mathematical accepted structures can help the establishing of a 
more comprehensive map of risk factors, the imagine of the complex system of Danube River which live like a human entity, 
permanently monitored. 

The study area 

The study area belongs to the end of the hydrological Danube zone. This part of the Danube corps of water it is named, by many 
Romanian scientists, as the sector of maritime Danube, it is very interesting for its morphologic mirror part and especially because it 
is the final part of Danube before the Danube Delta. This part of Danube has today a lot of stations for monitoring the quality of the 
Danube water. The study area is important considering the complexity of the zone from the point of view of socially, economical and 
agricultural industry. Some big cities, such as Braila and Galati or Reni are localised here. The water corps it is nominated as the 
section of type 9, Eastern Wallachian Danube, km 375.5-100 on Danube. 

 The term of monitoring covers a collection of information sets in any monitoring station, covering a random period 
of year, monthly or bimonthly, according with the national and international directives. The resulted database defines the current 
condition and level of global quality of the Danube environment. In this sense, a lot of time series covering parameters of water quality 
could be analysed. This work is usually not collated and mathematically analysed by the team which works in a station of monitoring 
and even more rarely in the local agency of environment. Usually, the end of any period of collecting datasets is finalised by a technical 
report which inscribes the zone of Danube in one level of quality. Because of these we had to consider a new way of analysing the 
datasets considering many datasets covering a long period, establishing a new mathematical model of analysing reach datasets which 
belongs to some connected parameters of quality as the dissolved oxygen group, in order to form and to observe a trend, to make some 
prediction, to cover with data some periods which have no data because of unpredicted and unexpected natural condition which do not 
give the possibility of collecting data. 

Hypothesis and consideration that must conduct the study 
The notion of monitoring covers a set of actions:  

 Covering a collection of information’s sets in any location during a period with a prescribed periodicity. The database sets as 
define the current condition and levels of some quality parameters of the environment. Traditionally the data are collected 
monthly or bimonthly for big corps of water as the Danube is. 

 Analysing periodically a time series obtained and inscribe the crop of water in one level of quality, according with national 
and international norms. 

 Identifying the critical periods and punctually the condition which gives wrong level of quality as well as prescribe the action 
plan for turn of the unexpected phenomes of spilling pollutants and producing wastewater. 

Traditionally, any process of monitoring has as a final step the annual report which fit the corps of water in a level of quality. 
The model it is in accordance to the international project Trans National Monitoring Network, used since 1996, even if other structured 
expeditions on the Danube have developed real maps of quality, some of them very complex, as the expeditions of 2001 or 2008 were. 
All these were presented under the logo “Watch your Danube” maps of quality for the whole Danube.  

 For the mathematical proposed model and the discovered sets of algorithms projected, all these actions put out for us 
a reach sets of database which was analysed and covered with real action of cover of the “three M”, monitoring, modelling and 
management. 
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Mathematical Model, hypothesis of work and project plan realised 

The start of the model construction it is to consider some data specific to Dissolved Oxygen (DO) in Danube water during one year 
but with some lost data over some months. Covering the map with Spline Function one could obtain data for any month, thus covering 
the lost data. There are many software programs which could help us reach this (Antohe& Soare 2014). For our model a 2D Table 
Curve software was used and the result is visible in the below figure 1. One could see that for November a month without collected 
data, the level of DO climb to a value of 8 mg/l or more. In many cases like this, observed on the map function modelled with Spline 
function, critical moment out of the usual level for DO could be observed. 

 

Figure 1. Level of DO one year processed with Spline Function 

The form of the graph allows us to consider the most important hypothesis for the mathematical model to say that the evolution of any 
quality parameter could be like the evolution of a continuous and derivable real function which has the domain of definition an interval 
of the form [0, T) where the 0 point on the x axes it is the start time of observation and T it is a specified moment of time in the future. 
The idea of considering and constructing an appropriate function when some of its values are known, belongs to Weierstrass and as 
we know, this problem does not have a fixed solution. 

For the considered quality parameters, the next hypothesis of work was to obtain an appropriate function which could model 
a real evolution and for this we must take into consideration an important number of data. The sets of data were divided into subsets 
covering a time but having enough data in the past and in the future around of one fixed data in time. Once a data it is lost, unmonitored, 
out of range, to recover that data, we must have a history of data around it lost. This seems to be natural for any level of quality 
parameter that not all the data of one extended time series will influence the data but around it one could identify a convex or a concave 
function which could set the trend (Onica & Chebac 2009). The model seems to be identical with the ARMA or ARIMA model but 
one must to consider that the model it is directed to some evolution as level of quality of environment datasets, we must work to 
specific time series and most of all the real function which conserves the evolution of one parameter are considered continuous, 
differentiable and bordered functions. For this reason, the projected plan has considered all subsets of data to be covered by Spline 
Function and with the facilities given by the software 2DTC it making an important discretization of x time axes and many, many data 
have been produced. The last hypothesis presented in this section is that analysing and many other mathematical models focused on 
the time series analysis in domains as economical models, social or demographical processes, etc. Do not seems to be appropriate for 
finding out a solution to be used to discover a real function for quality parameters. Our model creates some periodical real functions 
in this sense and must be used in the future as in the domain of water quality many situations of periodical evolution were observed. 

Results of applying the algorithm for recovering, analysing and processing the database 
Considering the studied area, we have used quality data collected over time in four monitoring stations on the Danube as follows in 
Table 1, from Trans-National Monitoring Network, (TNMN), of International Commission for the Protection of the Danube River, 
(ICPDR) and National Agency Romanian Waters, (ANAR). 

Table 1. Monitoring stations considered for the study 
No Monitoring 

Stations 
Indicative Longitude Latitude Km on 

Danube 

1 Chiciu/Silistra L0280 44.121667 27.243889 375 

2 Gropeni Gr 45.08 27.90 180 

3 Braila1 Br1 45.18 27.93 176 

4 Reni/Kolia L0430 45.482216 28.226624 132 
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Definition 1. A time series is the sequence of data (usually finite), representing the observations taken at time ti for a random 
variable Xi. Time series are finite strings of real numbers that represent the result of observations of phenomena in various 
fields. In this case, the result is the observation of one quality parameter of surface water. 

Table 2. Time series for DO, Station Chiciu/Silistra, year 1999 with no recorded data for October and December 
 

Month 1 2 3 4 5 6 7 8 9 10 11 12 
DO 
mg/L 

11 10.7 9.8 9.3 6.9 6.7 6.4 7.2 6.7 ---- 8.32 ---- 

 
One could see that for 1999, there are no registered data for two months, namely October and December. The question could 

be, how should be indicated a level of dissolved oxygen, (DO) concentration for these months with no registered data? The 
mathematical construction that will be developed here, will give some possible answers. The idea is to use quadratic Spline function, 
considering the data from Table 2 and the data registered in January 2000 and in this case data will be obtained for October and 
December 1999. In this manner, the result for missed data will be: 7.2732 mg/L for October and 9.3705 mg/L for December. In order 
to cover all other missing data, we must propose the model for all registered data between 1992 and 2005. 

Proposition 1. Each quality parameter possesses a time series, parameter values as specified for which data were recorded 
after achieving a monitoring process and the data are continuous in time, even if these are not the result of a process of standard 
analysis in a specific laboratory. 

The proposition 1 opens the route for the current investigation and allows us to consider that data missing could be modelled 
using different mathematical methods. Investigating the evolution of the quality parameters with proposed method which uses Spline 
function one could see that our modelling appropriate well the evolution. Such a result is realized in the data for probe 2 showed in 
table 3 in the 8-th month in the same meaner used for covering the missed data in table 2 for the 10-th and 12-th month. Data covered 
are in the brackets in table 3 and all the values belong to the modelled data for year 2005 (2 probes registered for every month), 
considering (DO) in the first station. 

Table 3. Concentration of (DO), two probes per month, P1, P 2, monthly, year 2005 
Month 1 2 3 4 5 6 7 8 9 10 11 12 
Pr. 1 12 11.2 10.8 8.2 7.7 6.3 5.6 6.4 5.2 5.5 8.2 8.9 
Pr. 2 11.7 11.5 10.1 9.7 5.8 10.2 7.1 (5.8) 5.1 5.7 6.8 8.6 

Definition 2. String values registered during a period for any quality parameter will be named temporal series of a quality 
parameter C and will be noted in further with, XC. 
Definition 3. For a period [0, T], it will be called state function of a quality parameter C, a function XC: [0, T] →R, that will 
have the following properties: 
- The restriction of the function XC over the set {t0, t1, …, tk} [0,T] will be the temporal series of a quality parameter C; 
- The proposed function is a bordered one, on the interval [0, T]; 
- The function XC is a continuous and differentiable one. 

 
Some observation must be considered, with respect to these definitions. 

Database for water quality parameters, used by different agencies, include samplings of 6, 12 or maximum 24 data per year. To obtain 
uniformity for all the data considered for a year, cubic Spline interpolations were used. Thus, uniformity was obtained for all 
parameters, realizing 24 data per one year. For example, for (DO) concentration registered in the first station for example containing 
12 data, Table 4 was processed using a MATLAB description with Spline interpolation and data were upgraded to 24 data per year, 
1992. Data used in the model will be in conforming to Table 5. We shall have called this procedure as the standardization of time 
series using Spline function which will give the structure of XC state function. 
 

Table 4. Initial dataset for DO concentration in mg/L, monitored in 1992 registered TNMN archive 
Month 1 2 3 4 5 6 7 8 9 10 11 12 
DO 
mg/L 

12.2 7.7 10.8 8.3 7.5 6.5 7.3 6.4 6.2 6.9 10.2 9.8 

 
 

Table 5. Data sets obtained after an interpolation with cubic Spline function, year 1992 
 1 2 3 4 5 6 7 8 9 10 11 12 
DO 
mg/L 

12.2 8.9125 7.7 9.25 10.8 9.7015 8.3 7.8596 7.5 6.8889 6.5 6.9 

 
 13 14 15 16 17 18 19 20 21 22 23 24 
DO 
mg/L 

7.3 6.8909 6.4 6.2591 6.2 6.4056 6.9 8.6944 10.2 10 9.8 9.8 
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In this way, we have standardized all data to be analysed, and graphical analysis shows that one can observe any trend that describes 
the variation of dissolved oxygen concentration. Analysing different situations of such developments one can show critical periods 
that are consistent with what was given by the drought and high temperatures as well as some cases explained by a greater level of 
rainfall. The processing of statistical data with methods of interpolation for the period of 15 years monitoring, for example for (DO), 
produces a time evolution which becomes more complex and may involve more extensive analysis. Such graphic images of the 
temporal evolution of a quality parameter could be made for any point of monitoring, where there is a historical monitoring data. For 
example, we considered the evolution of (DO) using 24 data per year (obtained with cubic Spline interpolation) multiplied by 15 years 
of observation and a detailed image of the evolution map was obtained, (figure 2). In the same picture one could observe the linear 
regression function processed by MATLAB, of the form y=-0.00018x+0.6, expressing a descending linear trend. 
On the xox’ axes each division represents one year and on the yoy’ axes one could see the level of (DO) in mg/L. The construction 
drawn produced a data base consisting of 360 data for all the parameters of quality of water for 15 years collated, from 1992 to 2006. 
If graphic functions overlap for two parameters, there can be made connections, showing the influence and interconnections between 
different water quality parameters. 

 
Figure 2. Evolution of the concentration of (DO) according to the collated datasets for 15 years 1992-2006 first station with 24 data per month 
 

Data considered could cover all the data for one month for all 15 years and, in this case, one can analyse the evolution of the 
parameter of quality during one specified month. This will show an evolution specific to a period of one month considering a rich 
database. In figure 4, was considered as parameter of quality the biochemical consumption of (DO) at five days, (CBO5) with two data 
for every year in May, for two stations 1 and 4. Analysing the map, one could conclude that there are some critical periods in May, 
when it is registered a possible pollution (period between 1992 and 1996) on the segment of the Danube River considered as analysed 
situ. On the xox’ axes, every two divisions from all 30 divisions represent one year (Antohe & Stanciu 2011). 

Considering sets of data for a long period we have discovered many other results about the evolution of parameters like level 
of Dissolved Oxygen (mg/L), level of CBO5 (mg/L), level of the Danube debit of water (m3/S). The observed evolution on realised 
graphical images showed some periodical evolution modelled with periodical functions with a periodicity of five years for the Danube 
water debit, (figure 3), or with a periodicity of 2 years observing the evolution of the CBO5, figure 4.  

 

Figure 3. The period of five years between 1992 and 2006 of the Danube water debit (m3/S) 
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Figure 4. The period of two years observed for the CBO5 concentration (mg/L), analysed 

 and modelling conform to the algorithm for the 1992-2006 period 
 

Conclusion: To achieve the mathematical model for indicators of the Danube River water quality or other big corps of water were 
considered and thus achieved a conceptual specific model for time series analysis. Thus, to define the status function of any quality 
parameters, using the notion of time series, and framing their analysis in the observable space of parameters, many graphical images 
of some status functions were analysed. Status functions must model the behaviour of quality parameters of the oxygen group; however, 
the model is intended to be a model applicable to all quality data, to be a flexible and generally applicable model for the methodological 
study of quality parameters and their evolution in time.  
There have been discovered many periods of time when for a period greater than 30 days (DO) it was not enough to maintain the 
aquatic life. There have been discovered some important periodical evolution of five or two years which could relate to the periodical 
evolution of some economical or industrial activities which are developed around the analysed segment of the Danube River. Analysing 
the database, usually the conclusions could be of the form “After 1991 the quality of the Danube River water has had a good trend”. 
But, the proposed methodology shows a lot of short periods of time when this affirmation is not conforming to this conclusion. There 
have been discovered many periods of time when for a period greater than 30 days (DO) it was not enough to maintain the aquatic life. 
In our opinion, the study for using the above described algorithm will give us the opportunity to open the use of it in many others 
domains, i.e.: Pure Mathematics, Algebra, Analytic Geometry or Mathematical Analysis. For the moment, environmental studies could 
be considered as an important domain of investigation to find out many other proprieties of environmental structures. We have placed 
here in our discussion the using of continuous and differentiable function to modelling some evolution via Weierstrass problem and 
this has given us some new ideas for future environmental studies. 
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